Introduction
We work in the DIFF category. A knot K = (S n+2 , S n ) is a ribbon knot if S n bounds an immersed disc D n+1 -> S n+Z with no triple points and such that the components of the singular set are n-discs whose boundary (n -l)-spheres either lie on S n or are disjoint from S n . Pushing The exterior of a knot (disc pair) is the closure of the complement of a tubular neighbourhood of S n in S n+2 (of D n+1 in D n + 3 ). By the usual abuse of language, we will call the homotopy type invariants of the exterior the homotopy type invariants of the knot (disc pair). We study the question of how well the fundamental group of the exterior of a ribbon knot (disc pair) determines the knot (disc pair).
L.R.Hitt and D.W.Sumners [14] , [15] construct arbitrarily many examples of distinct disc pairs {D n+Z , D n ) with the same exterior for n ^ 5, and three examples for n -4. S.P.Plotnick [24] gives infinitely many examples for n S* 3. For n = 3, his proof requires Freedman's solution of the four-dimensional Poincare" conjecture, so he only gets results in TOP. We prove: THEOREM 
1-1. There exist infinitely many distinct ribbon disc pairs (D n+Z , D n ), n ^ 3, with the same exterior.
A nice feature of these disc knots is that n x is the trefoil knot group. The difference comes from the fact that their meridians are not equivalent under any automorphism Of 7T V In [9] , C. McA. Gordon gives three examples of knots in 8 i with isomorphic TT ± but different n 2 (viewed as Z7r 1 -modules). Plotnick [23] generalizes this to arbitrarily many knots. In [24] , he produces infinitely many examples in the TOP category. Analysing the boundaries of the discs provided by Theorem 1-1 for n = 3, we prove: THEOREM 1-2. There exist infinitely many ribbon knots in S i with fundamental group the trefoil knot group, but with non-isomorphic n 2 {as ZTI\-modules).
The exteriors of these knots are fibred over S 1 , with the same fibre as that of the spun trefoil, but with monodromy suitably modified. As n 2 of the fibre is not generated by the boundary 2-sphere, we are unable to use the techniques in [9] , [24] to distinguish among Z77 X -module structures on n 2 . Accordingly, we give a presentation of TT 2 coming from a surgery description of the knots, and reduce the problem to a question about 2 x 2 matrices. This paper is organized as follows. In § 2 we discuss several definitions of ribbon 482 ALEXANDER I. Suciu discs and knots. § 3 gives a method for computing n 2 of a ribbon 2-knot. In § 4 we construct our examples and prove Theorem 1-1. §5 contains the proof of Theorem 1-2. Finally, in § 6, we derive a few consequences and make some comments.
Notation. All i2-modules are left-modules. An element ueR induces the i?-module map u: R ->• R via right multiplication. Vectors in R n are row vectors and matrices with entries in R act on the right.
Ribbon discs and knots
Ribbon w-knots were first defined by Fox [7] , for n = 1, and Yajima [28] 1 to Si* 1 (1 < i ^ m). Fig. 1 shows the 'motion picture' of a ribbon disc pair.
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Fig. 1 The fundamental group of the ribbon knot can be computed from the motion picture (see [7] , [29] ):
where w t is the word in x o ,...,x m that records the way the ith band links the SJ~V8 homotopically. We call such a presentation of ix x a ' ribbon presentation'. For example, the ribbon 2-knot with cross section the stevedore knot ( Fig. 1 ) has
(compare ( [7] , p. 136)). The spun trefoil, with equatorial section the square knot ( Fig. 2) , h a s^
Here is another construction of ribbon discs and knots, first described in [16] 
.,r m ).
The procedure is illustrated in Fig. 3 . In practice, one passes from the above presentation of n 1 to a ribbon presentation through Andrews-Curtis moves [1] , and then draws the ribbon knot prescribed by this presentation. An example of the procedure is given in § 4. The exterior of the ribbon
) by performing surgery on the curves r x . For example, the ribbon 2-knot with cross section the stevedore knot is the boundary of the disc pair in Fig. 3 , and can be constructed by
7r 2 of a ribbon 2-knot
This section gives a method for calculating n 2 of a ribbon 2-knot as a Z7T 1 -module. This method, briefly sketched in [25] , yields explicit results for one-relator ribbon knots and spun knots. Let X be the exterior of a one-relator ribbon knot. It is obtained by surgery on a simple closed curve r in
, and r(t, x) has exponent sum + 1 in x. We write n = n x X = (t, x\r). As the exponent sum of x is + 1, the relation r is not a proper power. Hence, by Lyndon's theorem [21] , n is torsion-free. In case x has finite order, n = Z(<) and Milnor duality in the universal cover shows the knot to be homotopically trivial (see, for instance, [4] ).
Assume x has infinite order in n. Let M be the cover of S 1 x f l ' f f i ' x S 3 corresponding to the kernel ofZ*Z-»(7r = Z* Z/(r)). If we perform equi variant surgery on the lifts of r in M, we get X, the universal cover of X. M consists of copies of U x The Mayer-Vietoris sequences corresponding to these decompositions yield
Notice that H 2 (M) = 0 and H 3 (M) = In, generated by the lifts of S
3
. These sequences simplify to give , T , ^v , , # J 8
L e t X r = e° u e^ U 4 U e? be the 2-complex associated t o the presentation n = (t,x\r). T h e reduced chain complex of its universal cover is (see ([5] , pp. 45-46))
where d 2 is * n e matrix of F o x derivatives. B y Lyndon's theorem [21] , X r is aspherical, t h a t is, d£ T = (dr/dt dr/dx) is a monomorphism. T o compute </>, note first t h a t the 'fibre' S 3 is a dual cycle t o x. Hence, the algebraic s u m of t h e lifts of S 3 cut b y the lift of r a t 1 equals (8r/8x).S 3 . Therefore $£(£?), which is t h e algebraic sum of the lifts of r which intersect From the lemma and the injectivity of (dr/dt dr/dx) we deduce that dr/dx is injective. Hence, ^ is a monomorphism, and H 3 (X) = 0 (that is to say, the knot is quasi-aspherical [20] ).
Lyndon's theorem also shows that the relation module H^M^) is freely generated by the lifts of r, so that ijr: In -*• In is an isomorphism. Hence ker \jr = 0, and (1) and (2) combine to give the exact sequence
Ribbon knots with the same fundamental group

PROPOSITION Z-2.0nerelatorribbon2-knotsarequasi-aspherical,with7r 2 = Zn/(8r/8x), where n l = (<,x|r). |
For example, the knot in Fig. 4 , with n 1 = (t, xltxt* 1 = x 2 ), has whereas the spun trefoil (Fig. 2) 
By a standard argument [1] , Q) n^ is diffeomorphic to D" ) is the spun trefoil (Fig. 2) . In order to picture the other disc pairs, we give here a ribbon presentation of 77^. 
There is no automorphism of PSL{2,1) taking T k to Tf 1 for k,l> l,k*l.
Proof. We compute where
We saw that
the trefoil knot group. Proposition 3-2 gives the following presentation for n 2 X k , k > 1:
(It is understood that 1 + ... + u k~2 = « + ... + u k~l = 0 when k = 1.) Remark. Given a knot group n, the abelianization map y: n ->Z induces a ring homomorphism y.Zn-^lZ, which takes the Jacobian matrix of Fox derivatives to the Alexander matrix. In our situation, y(w k ) = l -t~l + t~2, the Alexander polynomial of the trefoil knot. By Levine duality [18] , the knots K k have the same Alexander invariants. We thus have to look at non-abelian invariants in order to distinguish among our knots.
We have the following result, which proves Theorem 1-2:
LEMMA 5-1. Let a:n 1 X k ->n 1 X l be an isomorphism, k, I £t l,k=t=l. There is no a-isomorphism ft: n 2 X k -» 7T 2 X t .
Proof. An automorphism of n = (a,b\a 2 , where e = + 1 and hen [26] . Therefore, any automorphism inducing the identity on TT/TT' = Z is an inner automorphism.
We check t h a t / = cr k fcr k : F(x, t) -(f(x), 1-t) . | Replacing the given isomorphism by a o F+ if need be, we may assume that a induces + 1 on Z. Then a = /i h , conjugation by an element hen.
We have the central extension We now derive some consequences of the computations done in the previous sections. The exterior of a ribbon disc is homotopy equivalent to the 2-complex associated to the presentation of its fundamental group. Hence, by Lyndon's theorem, COROLLARY 
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